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Oil spill in front of the reactor building..



Light and neutrons

• Neutrons reflect from mirrors in a similar way as light.

• Manifestation of neutron’s wave-particle nature!

• Light “sees” electrons while neutrons “see” nuclei


The underlying reason for these commonalities

( ~r2 + k2)A = 0
<latexit sha1_base64="klAD+ZL/eWqenq/2cKgIQUQZ8MI=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpQkCrpQqLhxWcE+oEnLZDpph04mYWZSKKHgxl9x40IRt/6EO//GaZuFth64cDjnXu69x48Zlcqyvo3c0vLK6lp+vbCxubW9Y+7u1WWUCExqOGKRaPpIEkY5qSmqGGnGgqDQZ6ThD24nfmNIhKQRf1CjmHgh6nEaUIyUljrmQckdEpy6HPkMtZ0xPB20nRN4A6+tjlm0ytYUcJHYGSmCDNWO+eV2I5yEhCvMkJQt24qVlyKhKGZkXHATSWKEB6hHWppyFBLppdMfxvBYK10YREIXV3Cq/p5IUSjlKPR1Z4hUX857E/E/r5Wo4NJLKY8TRTieLQoSBlUEJ4HALhUEKzbSBGFB9a0Q95FAWOnYCjoEe/7lRVJ3yvZZ2bk/L1ausjjy4BAcgRKwwQWogDtQBTWAwSN4Bq/gzXgyXox342PWmjOymX3wB8bnD9kkla4=</latexit>

 both types of radiation their propagation obey a second-order partial 
differential equation of the same form (Helmholtz equation)
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Neutron reflection at a planar surface
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elastic specular reflection | ~k0| = | ~k0
0| = k = 2⇡/�

<latexit sha1_base64="rgFW838C3sWRjKHPsNDs1wgDxw0=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIwlaQgwUClSiyMRaIPqQmR4zitVech26lUpfkNFn6FhQGEGGHib3DbDKXlSJaOz7n32ve4MaNCGsaPVlhZXVvfKG6WtrZ3dvf0/YOWiBKOSRNHLOIdFwnCaEiakkpGOjEnKHAZabuD24nfHhIuaBQ+yFFM7AD1QupTjKSSHN0YW0OC04GTGlk2rs3dHtPTbJzVBrWqFVN4Di2mpnrI0ctGxZgCLhMzJ2WQo+HoX5YX4SQgocQMCdE1jVjaKeKSYkaykpUIEiM8QD3SVTREARF2Ot0sgydK8aAfcXVCCafqfEeKAiFGgasqAyT7YtGbiP953UT613ZKwziRJMSzh/yEQRnBSUzQo5xgyUaKIMyp+ivEfcQRlirMkgrBXFx5mbSqFfOiUr2/LNdv8jiK4AgcgzNggitQB3egAZoAgyfwAt7Au/asvWof2uestKDlPYfgD7TvX8O0oLM=</latexit>

wave-vector transfer: Q = | ~Q| = | ~k0
0

� ~k0| = 2k sin ✓ = 2kz
<latexit sha1_base64="zNJf0eN1CDs7hg91zB0/vTwhVlA=">AAACKXicbZDLSgMxFIYz3q23qks3wSK6scxUQRcWCm5cWrAqdGrJpKc2NJMZkjNCnc7ruPFV3Cgo6tYXMa2z8HYg8OX/zyE5fxBLYdB135yJyanpmdm5+cLC4tLySnF17dxEiebQ4JGM9GXADEihoIECJVzGGlgYSLgI+scj/+IGtBGROsNBDK2QXSvRFZyhldrFWr069G+Ap/VsmFO/nbpZdpVuZ7vf7sNqpe8boaiPPUBGq7RijdusXSy5ZXdc9C94OZRIXqft4pPfiXgSgkIumTFNz42xlTKNgkvICn5iIGa8z66haVGxEEwrHW+a0S2rdGg30vYopGP1+0TKQmMGYWA7Q4Y989sbif95zQS7h61UqDhBUPzroW4iKUZ0FBvtCA0c5cAC41rYv1LeY5pxtOEWbAje75X/wnml7O2VK/X9Uu0oj2OObJBNskM8ckBq5ISckgbh5I48kGfy4tw7j86r8/7VOuHkM+vkRzkfn7eqp3Y=</latexit>

Neutron reflection at a planar surface

V =
2⇡~2
m

⇢
<latexit sha1_base64="FcnUf5oWqUUjsfVVr571ucJ0YlQ=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoAuFghuXFewDmlgm00kzdGYSZiZCCdm48VfcuFDErf/gzr9x2mahrQcuHM65l3vvCRJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRWnEpMWjlksuwFShFFBWppqRrqJJIgHjHSC0fXE7zwQqWgs7vQ4IT5HQ0FDipE2Ut8+bF95oUQ4q3sJ9aIAyft6nvEcejKK+3bVqTlTwEXiFqQKCjT79pc3iHHKidCYIaV6rpNoP0NSU8xIXvFSRRKER2hIeoYKxInys+kXOTw2ygCGsTQlNJyqvycyxJUa88B0cqQjNe9NxP+8XqrDCz+jIkk1EXi2KEwZ1DGcRAIHVBKs2dgQhCU1t0IcIROKNsFVTAju/MuLpF2vuae1+u1ZtXFZxFEGB+AInAAXnIMGuAFN0AIYPIJn8ArerCfrxXq3PmatJauY2Qd/YH3+ADN5mF4=</latexit>

⇢ =
X

j

Njbj
<latexit sha1_base64="U4cfIbPMbs6jXjF71h7FgJ/53JI=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzJTBV0oFNy4kgr2AZ1hyKSZNjaZDElGKEPd+CtuXCji1r9w59+YaWehrQdyOZxzLzf3hAmjSjvOt7WwuLS8slpaK69vbG5t2zu7LSVSiUkTCyZkJ0SKMBqTpqaakU4iCeIhI+1weJX77QciFRXxnR4lxOeoH9OIYqSNFNj7nhyIS0+lPMjux/Amr2FeArviVJ0J4DxxC1IBBRqB/eX1BE45iTVmSKmu6yTaz5DUFDMyLnupIgnCQ9QnXUNjxInys8kFY3hklB6MhDQv1nCi/p7IEFdqxEPTyZEeqFkvF//zuqmOzv2MxkmqSYyni6KUQS1gHgfsUUmwZiNDEJbU/BXiAZIIaxNa2YTgzp48T1q1qntSrd2eVuoXRRwlcAAOwTFwwRmog2vQAE2AwSN4Bq/gzXqyXqx362PaumAVM3vgD6zPHwh2lz8=</latexit>

E = ~2k2/2m
<latexit sha1_base64="Gknsah/Z45qkogb5G/1k1xE9mBs=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4qkkU9KBQEMFjBfsBbVo22027dLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpBwprTjfFsrq2vrG5uFreL2zu7evn1wWFdxKgmtkZjHshlgRTkTtKaZ5rSZSIqjgNNGMLyb+o0RlYrF4kmPE+pHuC9YyAjWRura9v1texBg2fHQsOOde1HXLjllZwa0TNyclCBHtWt/tXsxSSMqNOFYqZbrJNrPsNSMcDoptlNFE0yGuE9bhgocUeVns8sn6NQoPRTG0pTQaKb+nshwpNQ4CkxnhPVALXpT8T+vlerw2s+YSFJNBZkvClOOdIymMaAek5RoPjYEE8nMrYgMsMREm7CKJgR38eVlUvfK7kXZe7wsVW7yOApwDCdwBi5cQQUeoAo1IDCCZ3iFNyuzXqx362PeumLlM0fwB9bnD3rzkj0=</latexit>
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Starting point for calculations…

time independent Schröndinger equation for a 
particle in a constant potential


~2
2m

~r2 (~r) + (E � V ) (~r) = 0
<latexit sha1_base64="aDE5jT7W/GRlDQq2X3IoaVTRON8="></latexit>

the interface is homogeneous in the xy-plane and reflection or 
refraction may take place only in the z-direction, thus problem reduced 

to one dimension 


~2
2m

d2

dz2
 (z) + (Ez � V ) (z) = 0

<latexit sha1_base64="HpyKD+rWbMnnF5GOLKK9qwmxJX8="></latexit>

Ez0 =
~2k20 sin2 ✓

2m
<latexit sha1_base64="bVL05h3X/yEGg+RtQlj09ZzWxug=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNV0IVCQQSXFewDOnXIpJk2NJMZkjtCHeYz3Pgrblwo4rY7/8b0sdDWA+EezrmXm3v8WHANtv1t5ZaWV1bX8uuFjc2t7Z3i7l5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+4HvvNR6Y0j+Q9DGPWCUlP8oBTAkbyiic3XvpkZ1duoAhN3b5P1EMFD7zUzkx1NZfjAn0GJEsrYeYVS3bZngAvEmdGSmiGmlccud2IJiGTQAXRuu3YMXRSooBTwbKCm2gWEzogPdY2VJKQ6U46OSzDR0bp4iBS5knAE/X3REpCrYehbzpDAn09743F/7x2AsFFJ+UyToBJOl0UJAJDhMcp4S5XjIIYGkKo4uavmPaJiQhMlgUTgjN/8iJpVMrOablyd1aqXs7iyKMDdIiOkYPOURXdohqqI4qe0St6Rx/Wi/VmfVpf09acNZvZR39gjX4AzhmfnA==</latexit>
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Neutron energy vs potential…

at small angles 


large angles


for a critical angle we have

V =
2⇡~2
m

⇢
<latexit sha1_base64="FcnUf5oWqUUjsfVVr571ucJ0YlQ=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmqoAuFghuXFewDmlgm00kzdGYSZiZCCdm48VfcuFDErf/gzr9x2mahrQcuHM65l3vvCRJGlXacb6u0tLyyulZer2xsbm3v2Lt7bRWnEpMWjlksuwFShFFBWppqRrqJJIgHjHSC0fXE7zwQqWgs7vQ4IT5HQ0FDipE2Ut8+bF95oUQ4q3sJ9aIAyft6nvEcejKK+3bVqTlTwEXiFqQKCjT79pc3iHHKidCYIaV6rpNoP0NSU8xIXvFSRRKER2hIeoYKxInys+kXOTw2ygCGsTQlNJyqvycyxJUa88B0cqQjNe9NxP+8XqrDCz+jIkk1EXi2KEwZ1DGcRAIHVBKs2dgQhCU1t0IcIROKNsFVTAju/MuLpF2vuae1+u1ZtXFZxFEGB+AInAAXnIMGuAFN0AIYPIJn8ArerCfrxXq3PmatJauY2Qd/YH3+ADN5mF4=</latexit>

using and Ez0 =
~2k20 sin2 ✓

2m
<latexit sha1_base64="bVL05h3X/yEGg+RtQlj09ZzWxug=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4qjNV0IVCQQSXFewDOnXIpJk2NJMZkjtCHeYz3Pgrblwo4rY7/8b0sdDWA+EezrmXm3v8WHANtv1t5ZaWV1bX8uuFjc2t7Z3i7l5DR4mirE4jEamWTzQTXLI6cBCsFStGQl+wpj+4HvvNR6Y0j+Q9DGPWCUlP8oBTAkbyiic3XvpkZ1duoAhN3b5P1EMFD7zUzkx1NZfjAn0GJEsrYeYVS3bZngAvEmdGSmiGmlccud2IJiGTQAXRuu3YMXRSooBTwbKCm2gWEzogPdY2VJKQ6U46OSzDR0bp4iBS5knAE/X3REpCrYehbzpDAn09743F/7x2AsFFJ+UyToBJOl0UJAJDhMcp4S5XjIIYGkKo4uavmPaJiQhMlgUTgjN/8iJpVMrOablyd1aqXs7iyKMDdIiOkYPOURXdohqqI4qe0St6Rx/Wi/VmfVpf09acNZvZR39gjX4AzhmfnA==</latexit>

V � Ez = 0
<latexit sha1_base64="hjHCYpDfIgZ1izgb5lPwme+P/dQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnpQKIjgsYL9kHYp2TTbhibZJckKdemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJLS2vrK7l1wsbm1vbO8XdvYaOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB64jcfqdIskvdmFFNf4L5kISPYWOmhcXLTTZ/GV263WHLL7hRokXgZKUGGWrf41elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n04PH6MgqPRRGypY0aKr+nkix0HokAtspsBnoeW8i/ue1ExNe+CmTcWKoJLNFYcKRidDke9RjihLDR5Zgopi9FZEBVpgYm1HBhuDNv7xIGpWyd1qu3J2VqpdZHHk4gEM4Bg/OoQq3UIM6EBDwDK/w5ijnxXl3PmatOSeb2Yc/cD5/APiJj9g=</latexit>

V � Ez > 0
<latexit sha1_base64="fONA7vGFmLFJlQiMHte2LdfUfCY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnoQKYjgsYL9kHYp2TTbhibZJckKdemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJLS2vrK7l1wsbm1vbO8XdvYaOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB64jcfqdIskvdmFFNf4L5kISPYWOmhcXLTTZ/GV263WHLL7hRokXgZKUGGWrf41elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LZVYUO2n04PH6MgqPRRGypY0aKr+nkix0HokAtspsBnoeW8i/ue1ExNe+CmTcWKoJLNFYcKRidDke9RjihLDR5Zgopi9FZEBVpgYm1HBhuDNv7xIGpWyd1qu3J2VqpdZHHk4gEM4Bg/OoQq3UIM6EBDwDK/w5ijnxXl3PmatOSeb2Yc/cD5/APoOj9k=</latexit>

V � Ez < 0
<latexit sha1_base64="MejLLzzD8OMKJXmejBYupKGkeIA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnrooSCCxwr2Q9qlZNNsG5pklyQr1KW/wosHRbz6c7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D5o6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaPrqd96pEqzSN6bcUx9gQeShYxgY6WH5tlNL32aVN1eseSW3RnQMvEyUoIM9V7xq9uPSCKoNIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCqxoNpPZwdP0IlV+iiMlC1p0Ez9PZFiofVYBLZTYDPUi95U/M/rJCa88lMm48RQSeaLwoQjE6Hp96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFbfHmZNCtl77xcubso1apZHHk4gmM4BQ8uoQa3UIcGEBDwDK/w5ijnxXl3PuatOSebOYQ/cD5/APcEj9c=</latexit>

we get

cos ✓c =

r
1� �2

⇡
⇢

<latexit sha1_base64="Rxtf0fgdDYb3PWqWBlHB77SS22E=">AAACHnicbVDLSsQwFE19O76qLt0EB8GNQzsqulAQ3LgcwVFhUoc0k06DaVOTW2Eo/RI3/oobF4oIrvRvzDwWOnrgwuGce5N7T5hJYcDzvpyJyanpmdm5+crC4tLyiru6dmlUrhlvMiWVvg6p4VKkvAkCJL/ONKdJKPlVeHva96/uuTZCpRfQy3iQ0G4qIsEoWKnt7hOmDCYQc6DtgpX4GBNzp6Hwd0ikKSuItI916E29LEgmSkx0rMq2W/Vq3gD4L/FHpIpGaLTdD9JRLE94CkxSY1q+l0FQUA2CSV5WSG54Rtkt7fKWpSlNuAmKwXkl3rJKB0dK20oBD9SfEwVNjOkloe1MKMRm3OuL/3mtHKLDoBBplgNP2fCjKJcYFO5nhTtCcwayZwllWthdMYupTQVsohUbgj9+8l9yWa/5u7X6+V715GgUxxzaQJtoG/noAJ2gM9RATcTQA3pCL+jVeXSenTfnfdg64Yxm1tEvOJ/fqHWi0A==</latexit>

or ✓c ⇡ �

r
⇢

⇡
<latexit sha1_base64="RyRK3L0KS3fTxInhKXKmyrYC3Fw=">AAACG3icbVDLSgMxFM34tr6qLt0Ei+KqzFRBFy4ENy4VrApNKXfSjA1mJjG5I5Zh/sONv+LGhSKuBBf+jWntwteBwOGce7i5JzZKOgzDj2BsfGJyanpmtjI3v7C4VF1eOXM6t1w0uVbaXsTghJKZaKJEJS6MFZDGSpzHV4cD//xGWCd1dop9I9opXGYykRzQS51qg2FPIHQKXm4yMMbqW8qUz3eBMndtsWCJBV4w29NlwYwsy061FtbDIehfEo1IjYxw3Km+sa7meSoy5Aqca0WhwXYBFiVXoqyw3AkD/AouRcvTDFLh2sXwtpJueKVLE239y5AO1e+JAlLn+mnsJ1PAnvvtDcT/vFaOyV67kJnJUWT8a1GSK4qaDoqiXWkFR9X3BLiV/q+U98B3gb7Oii8h+n3yX3LWqEfb9cbJTu1gf1THDFkj62SLRGSXHJAjckyahJM78kCeyHNwHzwGL8Hr1+hYMMqskh8I3j8BMO+iwg==</latexit>
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We solve the wave equation for the two cases…

Ez < V1(✓ < ✓c)
<latexit sha1_base64="ibWVtfG3TpLhBwUQfdEifJju7/M=">AAACCnicbZC7SgNBFIZnvcZ4W7W0GQ1CbMJuFLRIERDBMoK5QLIss5PZZMjshZmzQly2tvFVbCwUsfUJ7HwbJ8kWmvjDwMd/zuHM+b1YcAWW9W0sLa+srq0XNoqbW9s7u+befktFiaSsSSMRyY5HFBM8ZE3gIFgnlowEnmBtb3Q1qbfvmVQ8Cu9gHDMnIIOQ+5wS0JZrHl276UNWa7mpneFyD4YMCK7hGbgpzU5ds2RVrKnwItg5lFCuhmt+9foRTQIWAhVEqa5txeCkRAKngmXFXqJYTOiIDFhXY0gCppx0ekqGT7TTx34k9QsBT93fEykJlBoHnu4MCAzVfG1i/lfrJuBfOikP4wRYSGeL/ERgiPAkF9znklEQYw2ESq7/iumQSEJBp1fUIdjzJy9Cq1qxzyrV2/NSvZbHUUCH6BiVkY0uUB3doAZqIooe0TN6RW/Gk/FivBsfs9YlI585QH9kfP4AzkiZrg==</latexit>

for

~2
2m

d2

dz2
 0(z) + Ez0 0(z) = 0

<latexit sha1_base64="F9EvduJTMoLQPadowbnOm+F4kaI="></latexit>

� ~2
2m

d2

dz2
 1(z) + 2 1(z) = 0

<latexit sha1_base64="6ORs63G65dfrhxmSJNaQm1jCxq4="></latexit>

with

upper medium

lower medium

2 =
2m

~2 (V1 � Ez0)
<latexit sha1_base64="12rZ2Iw94/xmh7kXPRqcNqyN0f0=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK0C0sSBV0oFERwWcE+oGnDzXTSDp08mJkINeQb3Pgrblwo4taVO//G6WOhrQcuHM65l3vv8WJGhTTNby23tLyyupZfL2xsbm3v6Lt7DRElHJM6jljEWx4IwmhI6pJKRloxJxB4jDS94dXYb94TLmgU3slRTDoB9EPqUwxSSa5edoYQx9C1Lx2fA07tIEudgQe8a2elhpta2fG1mz6YWdnVi2bFnMBYJNaMFNEMNVf/cnoRTgISSsxAiLZlxrKTApcUM5IVnESQGPAQ+qStaAgBEZ108lJmHCmlZ/gRVxVKY6L+nkghEGIUeKozADkQ895Y/M9rJ9I/76Q0jBNJQjxd5CfMkJExzsfoUU6wZCNFAHOqbjXwAFQ0UqVYUCFY8y8vkoZdsU4q9u1psXoxiyOPDtAhKiELnaEqukE1VEcYPaJn9IretCftRXvXPqatOW02s4/+QPv8AT+PnSs=</latexit>

solutions: 

 0(z) = eikz0z + re�kz0z
<latexit sha1_base64="NZj+WlHspcRdUXM/BnXUW5Qr6d4=">AAACEHicbVDLSgMxFM3UV62vUZdugkWtiGWmCrpQKLhxWcE+oB2HTJq2oZnMkGSEdphPcOOvuHGhiFuX7vwb03YEbT0QOPece7m5xwsZlcqyvozM3PzC4lJ2Obeyura+YW5u1WQQCUyqOGCBaHhIEkY5qSqqGGmEgiDfY6Tu9a9Gfv2eCEkDfqsGIXF81OW0QzFSWnLNg1YoqRtbSWF4uH9J7mLad+OhlQyTI6Gr45/KNfNW0RoDzhI7JXmQouKan612gCOfcIUZkrJpW6FyYiQUxYwkuVYkSYhwH3VJU1OOfCKdeHxQAve00oadQOjHFRyrvydi5Es58D3d6SPVk9PeSPzPa0aqc+7ElIeRIhxPFnUiBlUAR+nANhUEKzbQBGFB9V8h7iGBsNIZ5nQI9vTJs6RWKtonxdLNab58kcaRBTtgFxSADc5AGVyDCqgCDB7AE3gBr8aj8Wy8Ge+T1oyRzmyDPzA+vgGzV50B</latexit>

 1(z) = te�z
<latexit sha1_base64="GfpoQPzJEoYjnTXa5FHIhFGq9vY=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotSF5akCrpQKLhxWcE+oIlhMp22QyfJMDMR2pCFG3/FjQtF3PoR7vwbp20W2nrgwuGce7n3Hp8zKpVlfRu5peWV1bX8emFjc2t7x9zda8ooFpg0cMQi0faRJIyGpKGoYqTNBUGBz0jLH15P/NYDEZJG4Z0aceIGqB/SHsVIackziw6X1EvstDw+PrpS5D45cYaIcwTHqWeWrIo1BVwkdkZKIEPdM7+cboTjgIQKMyRlx7a4chMkFMWMpAUnloQjPER90tE0RAGRbjJ9IoWHWunCXiR0hQpO1d8TCQqkHAW+7gyQGsh5byL+53Vi1btwExryWJEQzxb1YgZVBCeJwC4VBCs20gRhQfWtEA+QQFjp3Ao6BHv+5UXSrFbs00r19qxUu8ziyIMiOABlYINzUAM3oA4aAINH8AxewZvxZLwY78bHrDVnZDP74A+Mzx+sF5d0</latexit>
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Boundary conditions…

wave function continuity:

momentum conservation:

 0(0) =  1(0)
<latexit sha1_base64="6xtFtdqkX0ql8BNj8F28JzPr73E=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRaibklRBFwoFNy4r2Au0IUymk3bo5MLMRCghG1/FjQtF3PoY7nwbJ20W2vrDwMd/zuHM+b2YM6ks69sorayurW+UNytb2zu7e+b+QUdGiSC0TSIeiZ6HJeUspG3FFKe9WFAceJx2vcltXu8+UiFZFD6oaUydAI9C5jOClbZc82gQS+amVlazzm7mbOfsmlWrbs2ElsEuoAqFWq75NRhGJAloqAjHUvZtK1ZOioVihNOsMkgkjTGZ4BHtawxxQKWTzg7I0Kl2hsiPhH6hQjP390SKAymngac7A6zGcrGWm//V+onyr5yUhXGiaEjmi/yEIxWhPA00ZIISxacaMBFM/xWRMRaYKJ1ZRYdgL568DJ1G3T6vN+4vqs3rIo4yHMMJ1MCGS2jCHbSgDQQyeIZXeDOejBfj3fiYt5aMYuYQ/sj4/AG71pUt</latexit>

d 0(0)

dz
=

d 1(0)

dz
<latexit sha1_base64="0lbLaZLhfvzqcTlL1QMXV+ey1oQ=">AAACGHicbZDLSsNAFIYn9VbrLerSzWAR6qYmVdCFQsGNywr2Ak0ok8mkHTqZhJmJUEMew42v4saFIm67822ctkFs6w8DP985hzPn92JGpbKsb6Owsrq2vlHcLG1t7+zumfsHLRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7w9tJvf1IhKQRf1CjmLgh6nMaUIyURj3zzAkEwqnvxJL2UiurWKdZ6j9lN3Pc/uU9s2xVrangsrFzUwa5Gj1z7PgRTkLCFWZIyq5txcpNkVAUM5KVnESSGOEh6pOuthyFRLrp9LAMnmjiwyAS+nEFp/TvRIpCKUehpztDpAZysTaB/9W6iQqu3JTyOFGE49miIGFQRXCSEvSpIFixkTYIC6r/CvEA6USUzrKkQ7AXT142rVrVPq/W7i/K9es8jiI4AsegAmxwCergDjRAE2DwDF7BO/gwXow349P4mrUWjHzmEMzJGP8AJ7SgcQ==</latexit>

} 1 + r = t

ikz0(1� r) = �t
<latexit sha1_base64="60A94nruyt/MlBWEHlGJyPN+JF0=">AAACCnicbVDJSgNBEO2JWxy3qEcvrcEQkYSZKOjBQMCLxwhmgcwQejqdpEnPQneNEIecvfgrXjwo4tUv8Obf2FkOmvig4PFeFVX1vEhwBZb1baSWlldW19Lr5sbm1vZOZnevrsJYUlajoQhl0yOKCR6wGnAQrBlJRnxPsIY3uB77jXsmFQ+DOxhGzPVJL+BdTgloqZ05tE9lrgzYcUw+aCcP1ihvF+RJrlxwBiSKCIZ2JmsVrQnwIrFnJItmqLYzX04npLHPAqCCKNWyrQjchEjgVLCR6cSKRYQOSI+1NA2Iz5SbTF4Z4WOtdHA3lLoCwBP190RCfKWGvqc7fQJ9Ne+Nxf+8VgzdSzfhQRQDC+h0UTcWGEI8zgV3uGQUxFATQiXXt2LaJ5JQ0OmZOgR7/uVFUi8V7bNi6fY8W7maxZFGB+gI5ZGNLlAF3aAqqiGKHtEzekVvxpPxYrwbH9PWlDGb2Ud/YHz+ABxml/0=</latexit>

so r =
kz0 � i

kz0 + i
<latexit sha1_base64="B65betAcXCyRYWkSaYYg0T43t+s=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSIKYkmqoAuFghuXFewDmhAm00k7ZDIZZiZCDfkEN/6KGxeKuHXpzr9x2kbQ6oGBc8+5lzv3BJwSqWz70yjNzS8sLpWXKyura+sb5uZWWyapQLiFEpqIbgAlpoThliKK4i4XGMYBxZ0guhz7nVssJEnYjRpx7MVwwEhIEFRa8s19ceGGAqIs8rM7Oz8ibgQ5h3lRH37Xvlm1a/YE1l/iFKQKCjR988PtJyiNMVOIQil7js2Vl0GhCKI4r7ipxByiCA5wT1MGYyy9bHJQbu1ppW+FidCPKWui/pzIYCzlKA50ZwzVUM56Y/E/r5eq8MzLCOOpwgxNF4UptVRijdOx+kRgpOhIE4gE0X+10BDqfJTOsKJDcGZP/kva9ZpzXKtfn1Qb50UcZbADdsEBcMApaIAr0AQtgMA9eATP4MV4MJ6MV+Nt2loyiplt8AvG+xesBp2a</latexit>

and R = |r|2 =
|kz0 � i|2

|kz0 + i|2 = 1
<latexit sha1_base64="HR4jGRcsK1M2nlO8PnFo+6Y2wq0=">AAACIHicbZDLSsNAFIYnXmu9RV26GSyCIJakCnVhoeDGZRV7gSaGyXTSDplcmJkINe2juPFV3LhQRHf6NE7bCLX1wMDP95/DmfO7MaNCGsaXtrC4tLyymlvLr29sbm3rO7sNESUckzqOWMRbLhKE0ZDUJZWMtGJOUOAy0nT9y5HfvCdc0Ci8lf2Y2AHqhtSjGEmFHL18UxnwwV2pYnkc4XTgO+mDMTyhlo/iGClj+MuOp1jFdPSCUTTGBeeFmYkCyKrm6J9WJ8JJQEKJGRKibRqxtFPEJcWMDPNWIkiMsI+6pK1kiAIi7HR84BAeKtKBXsTVCyUc0+mJFAVC9ANXdQZI9sSsN4L/ee1Eeud2SsM4kSTEk0VewqCM4Cgt2KGcYMn6SiDMqforxD2kkpIq07wKwZw9eV40SkXztFi6PitUL7I4cmAfHIAjYIIyqIIrUAN1gMEjeAav4E170l60d+1j0rqgZTN74E9p3z+RlqPP</latexit>

also note:

total reflection!

| 1(z)|2 = |t|2e�2z
<latexit sha1_base64="eZjhdciiHgPYPDY9EofALp0YqRI=">AAACDnicbVDLSgMxFM3UV62vqks3wVKoC8vMKOhCoeDGZQX7gE5bMmmmDc1kQpIR2mm/wI2/4saFIm5du/NvTB8LbT1wL4dz7iW5xxeMKm3b31ZqZXVtfSO9mdna3tndy+4fVFUUS0wqOGKRrPtIEUY5qWiqGakLSVDoM1Lz+zcTv/ZApKIRv9cDQZoh6nIaUIy0kdrZ/MgTirYTZ1wYnoxa7vVImw5JKzl1oddHQiA4HLezObtoTwGXiTMnOTBHuZ398joRjkPCNWZIqYZjC91MkNQUMzLOeLEiAuE+6pKGoRyFRDWT6TljmDdKBwaRNMU1nKq/NxIUKjUIfTMZIt1Ti95E/M9rxDq4bCaUi1gTjmcPBTGDOoKTbGCHSoI1GxiCsKTmrxD3kERYmwQzJgRn8eRlUnWLzlnRvTvPla7mcaTBETgGBeCAC1ACt6AMKgCDR/AMXsGb9WS9WO/Wx2w0Zc13DsEfWJ8/q8qbNA==</latexit>

evanescent wave
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Second case…

for Ez > V1(✓ > ✓c)
<latexit sha1_base64="XGU3hl5xIuZPpCsjjRMlZxjEzA0=">AAACCnicbZC7SgNBFIZn4y3G26qlzWgQYhN2o6CFhIAIlhHMBZJlmZ1MkiGzF2bOCnHZ2sZXsbFQxNYnsPNtnCRbaOIPAx//OYcz5/ciwRVY1reRW1peWV3Lrxc2Nre2d8zdvaYKY0lZg4YilG2PKCZ4wBrAQbB2JBnxPcFa3uhqUm/dM6l4GNzBOGKOTwYB73NKQFuueXjtJg9ptekmdopLXRgyILiKZ+AmND1xzaJVtqbCi2BnUESZ6q751e2FNPZZAFQQpTq2FYGTEAmcCpYWurFiEaEjMmAdjQHxmXKS6SkpPtZOD/dDqV8AeOr+nkiIr9TY93SnT2Co5msT879aJ4b+hZPwIIqBBXS2qB8LDCGe5IJ7XDIKYqyBUMn1XzEdEkko6PQKOgR7/uRFaFbK9mm5cntWrF1mceTRATpCJWSjc1RDN6iOGoiiR/SMXtGb8WS8GO/Gx6w1Z2Qz++iPjM8f1KaZsg==</latexit>

upper medium

lower medium

or

~2
2m

d2

dz2
 z0(z) +

✓
~2k2z0
2m

◆
 z0(z) = 0

~2
2m

d2

dz2
 z1(z) +

✓
~2k2z0
2m

� 2⇡~2
m

⇢

◆
 z1(z) = 0

<latexit sha1_base64="bXcULNlTtczS/OOj0eHl/rDxymM="></latexit>


d2

dz2
+ k2z0

�
 0(z) = 0


d2

dz2
+
�
k2z0 � 4⇡⇢

��
 1(z) =


d2

dz2
+ k2z1

�
 1(z) = 0

<latexit sha1_base64="7Ig9ZSTVnVgalPa6ZcT1QUKMjwE="></latexit>

with k2z1 = k2z0 � 4⇡⇢ = k2z0
⇥
1� (�2/⇡)⇢

⇤
<latexit sha1_base64="PxJn76b37w5d/TzY2PlcIpkpw/w="></latexit>
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solutions of wave equation…

 0(z) = eikz0z + re�ikz0z

 1(z) = teikz1z
<latexit sha1_base64="SyYKkQJrxe2LauqCbuLJV+kOQhU="></latexit>

plane waves moving in and out of the interface…

and by applying the same boundary conditions as previously we get

1 + r = t

kz0(1� r) = kz1t
<latexit sha1_base64="JPuZfB7SVNUI/0Dzb8Xw6YV2Ask=">AAACDHicbVDLSgMxFM3UVx1fVZdugkWpiGWmCrpQKLhxWcE+oC0lk6ZtaCYzJHeEOswHuPFX3LhQxK0f4M6/MdN2oa0HAifnnEtyjxcKrsFxvq3MwuLS8kp21V5b39jcym3v1HQQKcqqNBCBanhEM8ElqwIHwRqhYsT3BKt7w+vUr98zpXkg72AUsrZP+pL3OCVgpE4u7x4rfHiFAbda9rATPzhJwT1RR6mWXt0Eg0k5RWcMPE/cKcmjKSqd3FerG9DIZxKoIFo3XSeEdkwUcCpYYrcizUJCh6TPmoZK4jPdjsfLJPjAKF3cC5Q5EvBY/T0RE1/rke+ZpE9goGe9VPzPa0bQu2jHXIYRMEknD/UigSHAaTO4yxWjIEaGEKq4+SumA6IIBdOfnVY1u/I8qZWK7mmxdHuWL19O68iiPbSPCshF56iMblAFVRFFj+gZvaI368l6sd6tj0k0Y01ndtEfWJ8/UMqX/w==</latexit>

} r =
kz0 � kz1
kz0 + kz1

t =
2kz0

kz0 + kz1
<latexit sha1_base64="PF3R2nJFWj0WuEyydxwG5b8T/BU=">AAACNnicbVDLSsNAFJ3UV42vqEs3g0URxJJUQRcKBTduhAr2AU0Ik+mkHTp5MDMRashXufE73HXjQhG3foKTNoi2Xhjm3HPOZeYeL2ZUSNMca6WFxaXllfKqvra+sbllbO+0RJRwTJo4YhHveEgQRkPSlFQy0ok5QYHHSNsbXud6+4FwQaPwXo5i4gSoH1KfYiQV5Rq3HB5eQdvnCKdDN300s5P8srKsaI+LFtq2Ln+stak4a3KNilk1JwXngVWACiiq4Rovdi/CSUBCiRkSomuZsXRSxCXFjGS6nQgSIzxEfdJVMEQBEU46WTuDB4rpQT/i6oQSTtjfEykKhBgFnnIGSA7ErJaT/2ndRPoXTkrDOJEkxNOH/IRBGcE8Q9ijnGDJRgogzKn6K8QDpHKRKmldhWDNrjwPWrWqdVqt3Z1V6pdFHGWwB/bBEbDAOaiDG9AATYDBExiDN/CuPWuv2of2ObWWtGJmF/wp7esb68ysFQ==</latexit>

} R = |r|2 =

����
kz0 � kz1
kz0 + kz1

����
2

T = |t|2 =

����
2kz0

kz0 + kz1

����
2

<latexit sha1_base64="TcMxlNtXNM/qKMnwd+SHIW0WSus="></latexit>
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we can work the last result a bit more…

remembering that 

kz0,c =
2⇡

�
sin ✓c

k2z0,c =
4⇡2

�2
sin2 ✓c

k2z0,c =
4⇡2

�2
(1� cos2 ✓c)

<latexit sha1_base64="Ur4xSkSZYqRfgqTDVGkQ0ydbPp8="></latexit>

k2z0,c = 4⇡⇢
<latexit sha1_base64="CG/nrj31N3Ky+EObnfxxSO6kVAU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF1KSWtCFQsGNywr2AU0Mk+mkHTqZCTMToYaCv+LGhSJu/Q53/o3TNgttPXDhcM693HtPmDCqtON8W4Wl5ZXVteJ6aWNza3vH3t1rKZFKTJpYMCE7IVKEUU6ammpGOokkKA4ZaYfD64nffiBSUcHv9Cghfoz6nEYUI22kwD4YBtmjc4rH99WrGvQSCj05EIFddirOFHCRuDkpgxyNwP7yegKnMeEaM6RU13US7WdIaooZGZe8VJEE4SHqk66hHMVE+dn0/DE8NkoPRkKa4hpO1d8TGYqVGsWh6YyRHqh5byL+53VTHV34GeVJqgnHs0VRyqAWcJIF7FFJsGYjQxCW1NwK8QBJhLVJrGRCcOdfXiStasU9q1Rva+X6ZR5HERyCI3ACXHAO6uAGNEATYJCBZ/AK3qwn68V6tz5mrQUrn9kHf2B9/gCRE5SR</latexit>

we get 

cos ✓c =

r
1� �2

⇡
⇢

<latexit sha1_base64="Rxtf0fgdDYb3PWqWBlHB77SS22E=">AAACHnicbVDLSsQwFE19O76qLt0EB8GNQzsqulAQ3LgcwVFhUoc0k06DaVOTW2Eo/RI3/oobF4oIrvRvzDwWOnrgwuGce5N7T5hJYcDzvpyJyanpmdm5+crC4tLyiru6dmlUrhlvMiWVvg6p4VKkvAkCJL/ONKdJKPlVeHva96/uuTZCpRfQy3iQ0G4qIsEoWKnt7hOmDCYQc6DtgpX4GBNzp6Hwd0ikKSuItI916E29LEgmSkx0rMq2W/Vq3gD4L/FHpIpGaLTdD9JRLE94CkxSY1q+l0FQUA2CSV5WSG54Rtkt7fKWpSlNuAmKwXkl3rJKB0dK20oBD9SfEwVNjOkloe1MKMRm3OuL/3mtHKLDoBBplgNP2fCjKJcYFO5nhTtCcwayZwllWthdMYupTQVsohUbgj9+8l9yWa/5u7X6+V715GgUxxzaQJtoG/noAJ2gM9RATcTQA3pCL+jVeXSenTfnfdg64Yxm1tEvOJ/fqHWi0A==</latexit>

and together with k2z1 = k2z0 � 4⇡⇢
<latexit sha1_base64="W2uZzVeIiI9txIqbF1YAe2fSRIc=">AAACC3icbVC7TsMwFHXKq5RXgJHFagVioUpKJRhAqsTCWCT6kJoQOa7TWnXiyHaQStSdhV9hYQAhVn6Ajb/BaTNAy5EsnXvOvbq+x48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7utSVPBCYtzBkXXR9JwmhEWooqRrqxICj0Gen4o6vM79wTISmPbtU4Jm6IBhENKEZKS55ZHnnpgz25q8GjSwizwsqKE1iHTkyhI4bcMytW1ZoCLhI7JxWQo+mZX06f4yQkkcIMSdmzrVi5KRKKYkYmJSeRJEZ4hAakp2mEQiLddHrLBB5qpQ8DLvSLFJyqvydSFEo5Dn3dGSI1lPNeJv7n9RIVnLspjeJEkQjPFgUJg4rDLBjYp4JgxcaaICyo/ivEQyQQVjq+kg7Bnj95kbRrVfu0WrupVxoXeRxFcADK4BjY4Aw0wDVoghbA4BE8g1fwZjwZL8a78TFrLRj5zD74A+PzB/tSmHQ=</latexit>

we obtain k2z1 = k2z0 � k2z0,c
<latexit sha1_base64="V5EIdNvdp4hnMwG9tlzcNfRwylY=">AAACCHicbZDLSgMxFIbP1Futt1GXLgwWwYWWmSroQqHgxmUFe4F2HDJppg3NXEgyQh26dOOruHGhiFsfwZ1vY6adhVZ/CHz5zzkk5/dizqSyrC+jMDe/sLhUXC6trK6tb5ibW00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8oaXWb11R4VkUXijRjF1AtwPmc8IVtpyzd2hm97b49vqBcrI0oSOpnhI9MU1y1bFmgj9BTuHMuSqu+ZntxeRJKChIhxL2bGtWDkpFooRTselbiJpjMkQ92lHY4gDKp10ssgY7Wunh/xI6BMqNHF/TqQ4kHIUeLozwGogZ2uZ+V+tkyj/zElZGCeKhmT6kJ9wpCKUpYJ6TFCi+EgDJoLpvyIywAITpbMr6RDs2ZX/QrNasY8r1euTcu08j6MIO7AHB2DDKdTgCurQAAIP8AQv8Go8Gs/Gm/E+bS0Y+cw2/JLx8Q0+95gt</latexit>

R = |r|2 =

����
kz0 � kz1
kz0 + kz1

����
2

<latexit sha1_base64="iqJv0oqw1mLPpZagpdtJ1TQ+vZs="></latexit>

} R =

������

kz0 �
q

k2z0 � k2z0,c

kz0 �
q

k2z0 � k2z0,c

������

2

<latexit sha1_base64="mqehOWc6ZRLmLABnEx8xh12fdCw="></latexit>
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and finally we get…

since Q = 2kz0
<latexit sha1_base64="eVSZR1AuJXY0AnIb0waC+cA2X5Y=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0oFLx4bMF+SLuUbJptQ5PskmSFuvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHw789uPVGkWyXsziakv8FCykBFsrPTQuKmM++mTO+0XS27ZnQOtEi8jJchQ7xe/eoOIJIJKQzjWuuu5sfFTrAwjnE4LvUTTGJMxHtKupRILqv10fvAUnVllgMJI2ZIGzdXfEykWWk9EYDsFNiO97M3E/7xuYsIrP2UyTgyVZLEoTDgyEZp9jwZMUWL4xBJMFLO3IjLCChNjMyrYELzll1dJq1L2LsqVRrVUu87iyMMJnMI5eHAJNbiDOjSBgIBneIU3RzkvzrvzsWjNOdnMMfyB8/kDMcKP/g==</latexit>

R =

�����
1�

p
1� (Qc/Q)2

1 +
p

1� (Qc/Q)2

�����

2

<latexit sha1_base64="yfPfhSR2nZ/eWfa8vFsiUB1KTnA="></latexit> exact expression

using the Taylor series
p

1� (Qc/Q)2 = 1� 1

2

✓
Qc

Q

◆2

+ ...
<latexit sha1_base64="HKUyj1N1NdrUB35vGDnnOwaOPnc="></latexit>

Q >> Qc
<latexit sha1_base64="RKOjG6KvoZ2hY4IZn1+d+WqRzEw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EFCwIvHBMwDkiXMTjrJkNnZdWZWCEt+wosHRbz6O978GyfJHjSxoKGo6qa7K4gF18Z1v5219Y3Nre3cTn53b//gsHB03NRRohg2WCQi1Q6oRsElNgw3AtuxQhoGAlvB+G7mt55QaR7JBzOJ0Q/pUPIBZ9RYqV2vVOq9lE17haJbcucgq8TLSBEy1HqFr24/YkmI0jBBte54bmz8lCrDmcBpvptojCkb0yF2LJU0RO2n83un5NwqfTKIlC1pyFz9PZHSUOtJGNjOkJqRXvZm4n9eJzGDGz/lMk4MSrZYNEgEMRGZPU/6XCEzYmIJZYrbWwkbUUWZsRHlbQje8surpFkueZelcv2qWL3N4sjBKZzBBXhwDVW4hxo0gIGAZ3iFN+fReXHenY9F65qTzZzAHzifP4qFj6A=</latexit>

for R ⇡ 1

16

Q4
c

Q4
<latexit sha1_base64="pqtgpzouMF0UbHoIfmuSsbS70es=">AAACE3icbVC7TsMwFHXKq5RXgJHFokJCDFVSKmBgqMTC2CL6kJoQOa7TWnUesh1EZeUfWPgVFgYQYmVh429w2wzQciRbx+fcq+t7/IRRIS3r2ygsLa+srhXXSxubW9s75u5eW8Qpx6SFYxbzro8EYTQiLUklI92EExT6jHT80dXE79wTLmgc3cpxQtwQDSIaUIykljzz5AY6KEl4/ACdgCOs7EzZZ1n+aHoKZ3e1TDX15Zllq2JNAReJnZMyyNHwzC+nH+M0JJHEDAnRs61EugpxSTEjWclJBUkQHqEB6WkaoZAIV013yuCRVvowiLk+kYRT9XeHQqEQ49DXlSGSQzHvTcT/vF4qgwtX0ShJJYnwbFCQMihjOAkI9iknWLKxJghzqv8K8RDpNKSOsaRDsOdXXiTtasU+rVSbtXL9Mo+jCA7AITgGNjgHdXANGqAFMHgEz+AVvBlPxovxbnzMSgtG3rMP/sD4/AFrzZ3d</latexit>

Fresnel reflectivity
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Summing up: neutron reflection at an interface

Q >> Qc
<latexit sha1_base64="RKOjG6KvoZ2hY4IZn1+d+WqRzEw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EFCwIvHBMwDkiXMTjrJkNnZdWZWCEt+wosHRbz6O978GyfJHjSxoKGo6qa7K4gF18Z1v5219Y3Nre3cTn53b//gsHB03NRRohg2WCQi1Q6oRsElNgw3AtuxQhoGAlvB+G7mt55QaR7JBzOJ0Q/pUPIBZ9RYqV2vVOq9lE17haJbcucgq8TLSBEy1HqFr24/YkmI0jBBte54bmz8lCrDmcBpvptojCkb0yF2LJU0RO2n83un5NwqfTKIlC1pyFz9PZHSUOtJGNjOkJqRXvZm4n9eJzGDGz/lMk4MSrZYNEgEMRGZPU/6XCEzYmIJZYrbWwkbUUWZsRHlbQje8surpFkueZelcv2qWL3N4sjBKZzBBXhwDVW4hxo0gIGAZ3iFN+fReXHenY9F65qTzZzAHzifP4qFj6A=</latexit>

Q < Qc
<latexit sha1_base64="xDzWGIp8uH4SNVCUgHWuoof/bks=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtEgRsLFMwHxAcoS9zV6yZG/v2J0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpBIYdB1v52Nza3tnd3CXnH/4PDouHRy2jZxqhlvsVjGuhtQw6VQvIUCJe8mmtMokLwTTO7nfueJayNi9YjThPsRHSkRCkbRSp1mrTnI2GxQKrsVdwGyTryclCFHY1D66g9jlkZcIZPUmJ7nJuhnVKNgks+K/dTwhLIJHfGepYpG3PjZ4twZubTKkISxtqWQLNTfExmNjJlGge2MKI7NqjcX//N6KYZ3fiZUkiJXbLkoTCXBmMx/J0OhOUM5tYQyLeythI2ppgxtQkUbgrf68jppVyvedaXavCnXa3kcBTiHC7gCD26hDg/QgBYwmMAzvMKbkzgvzrvzsWzdcPKZM/gD5/MHAsaPVg==</latexit>

R = 1
<latexit sha1_base64="aaIX+60Mh5KB2ZVhXI6sFKuJaDU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQQ8KAS8e4yMPSJYwO5kkQ2Znl5leISz5BC8eFPHqF3nzb5wke9DEgoaiqpvuriCWwqDrfju5ldW19Y38ZmFre2d3r7h/0DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjG6mfvOJayMi9YjjmPshHSjRF4yilR7ur71useSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns1Mn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp36QnNGcox5ZQpoW9lbAh1ZShTadgQ/AWX14mjUrZOytX7s5L1assjjwcwTGcggcXUIVbqEEdGAzgGV7hzZHOi/PufMxbc042cwh/4Hz+AJ2TjVY=</latexit>

R ⇡ 1

16

Q4
c

Q4
<latexit sha1_base64="pqtgpzouMF0UbHoIfmuSsbS70es=">AAACE3icbVC7TsMwFHXKq5RXgJHFokJCDFVSKmBgqMTC2CL6kJoQOa7TWnUesh1EZeUfWPgVFgYQYmVh429w2wzQciRbx+fcq+t7/IRRIS3r2ygsLa+srhXXSxubW9s75u5eW8Qpx6SFYxbzro8EYTQiLUklI92EExT6jHT80dXE79wTLmgc3cpxQtwQDSIaUIykljzz5AY6KEl4/ACdgCOs7EzZZ1n+aHoKZ3e1TDX15Zllq2JNAReJnZMyyNHwzC+nH+M0JJHEDAnRs61EugpxSTEjWclJBUkQHqEB6WkaoZAIV013yuCRVvowiLk+kYRT9XeHQqEQ49DXlSGSQzHvTcT/vF4qgwtX0ShJJYnwbFCQMihjOAkI9iknWLKxJghzqv8K8RDpNKSOsaRDsOdXXiTtasU+rVSbtXL9Mo+jCA7AITgGNjgHdXANGqAFMHgEz+AVvBlPxovxbnzMSgtG3rMP/sD4/AFrzZ3d</latexit>
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Another approach: Born approximation

 (~r) = ei
~kr �

Z
eik|~r�

~r0|

|~r � ~r0|
⇢(~r0)(ei

~k~r0 +  s(~r0))d
3~r0

<latexit sha1_base64="W3NYRacix9nzgp+bZkoqQEpq9CA="></latexit>

Lippmann-Schwinger integral equation for a scattering process

 s(~r) = �
Z

eik|~r�
~r0|

|~r � ~r0|
⇢(~r0)(ei

~k~r0 +  s(~r0))d
3~r0 =

= �
Z

eik|~r�
~r0|

|~r � ~r0|
⇢(~r0)ei

~k~r0d3~r0 �
Z

eik|~r�
~r0|

|~r � ~r0|
⇢(~r0) s(~r0)d

3~r0

<latexit sha1_base64="IZFm0pSDzRaMuUiEOWwIf+letjI="></latexit>

Born approximation
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Another approach: Born approximation

 s(~r) = �
Z

eik|~r�
~r0|

|~r � ~r0|
⇢(~r0)ei

~k~r0d3~r0

<latexit sha1_base64="LN6c6o3yiZTnRPmlBQ3uDTi5irM="></latexit>

r = �4⇡i

Q

Z +1

�1
dz0⇢(z0)eiQz0

<latexit sha1_base64="Jc0+tmt+GPX/jXSeNgvtTFTcTVw="></latexit>

R = |r|2 =
16⇡2

Q2

����
Z +1

�1
dz0⇢(z0)eiQz0

����
2

<latexit sha1_base64="jP9Jy5mwY6tgDWUmS5Ft7hXyWWY="></latexit>

R =
16⇡2

Q4

����
Z +1

�1

d⇢(z0)

dz0
eiQz0

dz0
����
2

<latexit sha1_base64="2Hjtc6DdCQbBVFKQ4KD5YHn7W8g="></latexit>

For the reflection geometry we get…

Reflectivity related to the Fourier transform of the sld profile!
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Born approximation: simple interface reflectivity

sld profile at an interface
d⇢(z)

dz
= ⇢�(z)

<latexit sha1_base64="0vdVSJA0qD++0pQJ+V+BRRgnYHA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQNyWpgi4UCm5cVrCt0IQymUzaoZNMmJkIbcgXuPFX3LhQxK1rd/6NkzYLbT1w4cw59zL3Hi9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JU8EZh0MGdc3HtIEkYj0lFUMXIfC4JCj5GeN77O/d4DEZLy6E5NYuKGaBjRgGKktDQwa04gEE596IgRr09PstSfZlf5Azo+YQpBLcKBWbUa1gxwmdgFqYIC7YH55fgcJyGJFGZIyr5txcpNkVAUM5JVnESSGOExGpK+phEKiXTT2TkZrGnFhwEXuiIFZ+rviRSFUk5CT3eGSI3kopeL/3n9RAUXbkqjOFEkwvOPgoRBxWGeDfSpIFixiSYIC6p3hXiEdD5KJ1jRIdiLJy+TbrNhnzaat2fV1mURRxkcgWNQBzY4By1wA9qgAzB4BM/gFbwZT8aL8W58zFtLRjFzCP7A+PwB0yubSA==</latexit>

Z +1

�1
⇢�(z)eiQzdz = ⇢e0 = ⇢

<latexit sha1_base64="jtJGuewlIzP3wUGLG9AuxoJfNqo="></latexit>

Fourier transform of the profile

RBorn =
16⇡2 ⇢2

Q4
<latexit sha1_base64="vnPTomenApGKiAZUkuWDso+qnys=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GxCrsxqIVC0MYyEfOAbBJmJ7PJkNmZZWZWCMv+gY2/YmOhiK2tnX/j5FFo4oELh3Pu5d57/IhRpR3n28osLa+srmXXcxubW9s79u5eXYlYYlLDggnZ9JEijHJS01Qz0owkQaHPSMMf3oz9xgORigp+r0cRaYeoz2lAMdJG6trHd93kWkieXnmBRDhxz6AX0U4RetCTA9Eppkm1U0q7dt4pOBPAReLOSB7MUOnaX15P4DgkXGOGlGq5TqTbCZKaYkbSnBcrEiE8RH3SMpSjkKh2MvknhUdG6cFASFNcw4n6eyJBoVKj0DedIdIDNe+Nxf+8VqyDi3ZCeRRrwvF0URAzqAUchwN7VBKs2cgQhCU1t0I8QCYXbSLMmRDc+ZcXSb1YcE8LxWopX76cxZEFB+AQnAAXnIMyuAUVUAMYPIJn8ArerCfrxXq3PqatGWs2sw/+wPr8AUWQm4Q=</latexit>
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Born approximation: single film reflectivity

⇢(z) =

8
><

>:

⇢s, for z > d

⇢f , for d < z < 0

0, for z < 0
<latexit sha1_base64="5V12VXgXxIaAOrFR/4oGKfH9JEU="></latexit>

d⇢

dz
= (⇢f � ⇢s)�(z)� ⇢f�(z + d)

<latexit sha1_base64="ZdyOAuN2WGdVbeYjghdaWg0UZFw="></latexit>

Z +1

�1

d⇢(z)

dz
eiQzdz = (⇢f � ⇢s)� ⇢fe

idQ

<latexit sha1_base64="FetVtRy1hzYloV09YoasYwJb/XM="></latexit>

R =
16⇡2

Q4

⇥
⇢2f + (⇢f � ⇢s)

2 � 2⇢f (⇢f � ⇢s) cos(dQ)
⇤

<latexit sha1_base64="NXe64ssjO7pdHxSFHM5wwoSrfig="></latexit>
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Single film reflectivity

�Q =
2⇡

d
<latexit sha1_base64="E3QQFBiRv/tkXcmdmQ5m7UOx9UU=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyWpgh4UCnrw2IJthSaUzWbSLt18sLsRSgh48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5XsKZVJb1bZSWlldW18rrlY3Nre0dc3evI+NUUGjTmMfi3iMSOIugrZjicJ8IIKHHoeuNrid+9wGEZHF0p8YJuCEZRCxglCgt9c0D5wa4IriFr7ATCEKzOnYSlmd+3jerVs2aAi8SuyBVVKDZN78cP6ZpCJGinEjZs61EuRkRilEOecVJJSSEjsgAeppGJATpZtMfcnysFR8HsdAVKTxVf09kJJRyHHq6MyRqKOe9ifif10tVcOFmLEpSBRGdLQpSjlWMJ4Fgnwmgio81IVQwfSumQ6KTUDq2ig7Bnn95kXTqNfu0Vm+dVRuXRRxldIiO0Amy0TlqoFvURG1E0SN6Rq/ozXgyXox342PWWjKKmX30B8bnD18BlrQ=</latexit>
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Born approximation: Effects of Roughness

d⇢

dz
=

⇢

�
p
2⇡

e�
z2

2�2

<latexit sha1_base64="7qq4levl+7URw/3RNm0wfBxRHgo="></latexit>

Z +1

�1
⇢�(z)eiQzdz = ⇢e�

�2Q2

2

<latexit sha1_base64="LENMpUFoZ25ClbXw7wns2jP58fM="></latexit>

R =
16⇡2 ⇢2

Q4
e��2Q2

<latexit sha1_base64="n8aMeeHG5AzZ1/VY6L9b8IheREQ=">AAACGnicbVDLSsNAFJ34rPUVdelmsAhuLEkt6kKh4MZlK/YBTVIm00k7dDIJMxOhhHyHG3/FjQtF3Ikb/8Zpm4W2HrhwOOde7r3HjxmVyrK+jaXlldW19cJGcXNre2fX3NtvySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsf3Uz89gMRkkb8Xo1j4oZowGlAMVJa6pn23bUTCIRT+xw6MfUq0IGOGEZeJUsbXjWDxEtPHUkHIdJeQ8s9s2SVrSngIrFzUgI56j3z0+lHOAkJV5ghKbu2FSs3RUJRzEhWdBJJYoRHaEC6mnIUEumm09cyeKyVPgwioYsrOFV/T6QolHIc+rozRGoo572J+J/XTVRw6aaUx4kiHM8WBQmDKoKTnGCfCoIVG2uCsKD6VoiHSCeldJpFHYI9//IiaVXK9lm50qiWald5HAVwCI7ACbDBBaiBW1AHTYDBI3gGr+DNeDJejHfjY9a6ZOQzB+APjK8fKGOfEA==</latexit>
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Experimental geometry

Two general types of reflectometers


• single wavelength (angle dispersive)


• time of flight (energy dispersive)
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Experimental Q-resolution

Q

4⇡
=

1

�
sin ✓ ⇡ 1

�
✓

<latexit sha1_base64="WDV+1SfiddeZm34cZIAwA11H4GU="></latexit>

�(Q/4⇡)

Q/4⇡
=

�Q

Q
⇡

s✓
��

�

◆2

+

✓
�✓

✓

◆2

<latexit sha1_base64="Pd+a5Kp+938pyclsVyTm+uh2fjg="></latexit>uncertainty 
propagation theory 


Rres(Q) =
pX

a=�p

waR(Q+
a

p

�Q

Q
)/

pX

a=�p

wa

<latexit sha1_base64="A8DRuIaBecMvNv8akY3aO4ZKI0A="></latexit>

wa = exp(�2(a/p)2)
<latexit sha1_base64="JeR6ZyTGKChqYHnT6LAXGiOUbJY=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0C6sSRR0oVBw47KCfUAbw2Q6bYdOkmFmopaQjb/ixoUibv0Md/6N0zYLbT1w4XDOvdx7j88Zlcqyvo3cwuLS8kp+tbC2vrG5ZW7vNGQUC0zqOGKRaPlIEkZDUldUMdLigqDAZ6TpD6/GfvOeCEmj8FaNOHED1A9pj2KktOSZew9egtLLDnnksHTkwBI65uU7p+yZRatiTQDniZ2RIshQ88yvTjfCcUBChRmSsm1bXLkJEopiRtJCJ5aEIzxEfdLWNEQBkW4yeSCFh1rpwl4kdIUKTtTfEwkKpBwFvu4MkBrIWW8s/ue1Y9U7dxMa8liREE8X9WIGVQTHacAuFQQrNtIEYUH1rRAPkEBY6cwKOgR79uV50nAq9knFuTktVi+yOPJgHxyAErDBGaiCa1ADdYBBCp7BK3gznowX4934mLbmjGxmF/yB8fkDohqUdQ==</latexit>
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Experimental Setups and Sample environments
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Typical systems that are studied by neutron reflectometry

polymer brushes adsorbed proteins

polyelectrolyte 

multilayers

self assembled

monolayers biomembranes
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Typical systems that are studied by neutron reflectometry

Nano-magnetism

Nanoparticles on surfaces

Battery research
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What do we do with acquired data?
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ΔQ



A small “excursion” to the phase problem
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Let us get some hands on experience with actual calculations

Building models…
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